Introduction
String theory is the leading (and at present, only) candidate for a unified theory of the fundamental interactions. However, daunting challenges remain to be overcome, both in our fundamental understanding of strings and in connecting string theory with low energy physics.
Although at present we cannot make definite statements about generic properties of string-based phenomenology, one of the obvious things we can do is construct examples of pseudo-realistic string compactifications and explore, with judicious assumptions, the resulting phenomenology. The purpose of such explorations is of course not to find the model of nature, but to see if one can find generic advantages or deficiencies of stringderived models.
To that end, in this paper we provide several examples of three-generation string compactifications on Calabi-Yau manifolds [1] . While the Calabi-Yau models most commonly studied to date have been (2,2) supersymmetric models which naturally yield an E 6 effective GUT group, (0,2) Calabi-Yau models provide a much broader class of compactifications in which one can also naturally obtain SO(10) or SU (5) as the effective gauge group [2, 3] . It has recently been proved that, contrary to previous expectations [4] , many (0,2) Calabi-Yau models are true solutions of string theory (both non-perturbatively in the sigma model expansion and to all orders in the string loop expansion) [5, 6] . 1 It therefore seems worthwhile to explore the enhanced phenomenological opportunities in this large new class of classical string vacua, and we take a first step in that direction in this paper.
In §2, we briefly describe the class of models under consideration [7] . In §3, we provide four examples in this class of models which yield three generations of chiral fermions in the normal unification representations of E 6 and SU (5). These models are not related to the (2,2) theories on the same Calabi-Yau manifolds by holomorphic deformation. Two of the examples, with gauge group SU (5), are on manifolds with nontrivial π 1 . In §4, using
Wilson lines as a tool for gauge symmetry breaking [8, 9] , we break the gauge group in these two SU (5) examples to SU (3) × SU (2) × U (1). It will be clear that our results are in no sense exhaustive -one could certainly construct many other models along similar lines.
To our best knowledge, only one three-generation Calabi-Yau model has been explored in any depth in the literature -see [10, 11, 12, 13, 14] and references therein. Several three 1 The conclusions of the forthcoming paper [6] in particular are stronger than those of [5] and imply that all of the models considered here are bona f ide solutions of string theory.
generation (2,2) models have been listed in [15] and [16] (the latter reference classifies all CY hypersurfaces in weighted projective four-spaces), all of which are compactifications on manifolds with trivial π 1 .
2 Considerably more work has been directed towards exploring semi-realistic string models based on toroidal orbifolds [17] and free-fermions [18] . It may prove interesting to investigate the phenomenology of the models presented here, or other similar models; we hope to undertake such investigations in the near future.
A Class of (0,2) Calabi-Yau Models
Recall that the data which enters in specifying a (0,2) Calabi-Yau model is a choice of Calabi-Yau manifold M and stable, holomorphic vector bundles V 1 and V 2 (representing the vacuum configurations of the gauge fields in the observable and hidden E 8 of the heterotic string) satisfying
Here the c i are the Chern classes of the vector bundles in question. (2.1) is the well known anomaly cancellation condition, while (2.2) is the requirement that V 1 and V 2 admit spinors.
In addition to these topological conditions, there are perturbative conditions for conformal invariance of a (0,2) Calabi-Yau σ-model [2] . At lowest order, we must require that the metric on M be the familiar Ricci-flat Kahler metric g ij whose existence is guaranteed by Yau's theorem. In addition, the connections on V 1,2 must satisfy
For stable bundles V 1,2 , a theorem of Uhlenbeck and Yau guarantees the existence of a solution to (2.3) as long as the integrability condition
is met, where J is the Kahler form of M . We will satisfy (2.4) by choosing c 1 (V 1,2 ) = 0 (as indeed we must if we work on a manifold M with h 1,1 = 1). 
This will be useful momentarily.
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In the models of interest with V 1 of rank 3, 4, or 5 (spacetime gauge group E 6 , SO(10), or SU (5)), the net number of generations (# generations -# antigenerations)
N gen of chiral fermions in the observable sector (in the 27 of E 6 , 16 of SO(10) or 10 +5
of SU (5)) is given by Following [7] , we consider vacuum gauge bundles which are defined by the following exact sequence:
Here r = 3, 4, 5 yields gauge group E 6 , SO(10) or SU (5), and the n a and m i are positive integers with m i = n a (guaranteeing that c 1 (V ) = 0). O(a) denotes the ath power of the hyperplane bundle of the ambient weighted projective space, and the F i a (φ) are polynomials homogeneous of degree m i − n a in the φs which never simultaneously vanish on M . For shorthand, we use the notation V = ({m i }; {n a }). The worldsheet quantum field theory which describes this spacetime model can be obtained as the infrared limit of a linear sigma model with U (1) gauge group (for more details the reader should consult [7] ) and the linear sigma model will contain r + M left-moving fermions λ 1 , · · · , λ r+M with gauge charges (n 1 , · · · , n r+M ).
In general we will have nontrivial factors embedded in both the observable and hidden E 8 s, and we will denote them by V 1 and V 2 . For a theory with V 1 described as in (2.7), one finds that
Combining (2.8) with (2.6) and (2.5), we see that determining the net number of generations of chiral fermions in such a compactification is a simple exercise in arithmetic. H 1 (M, V 1 ) also has a convenient deformation theoretic representation as M-tuples
)} where of course P i has degree m i . This allows us to compute dim H 1 (M, V 1 ) in the examples of §3 and verify that not only is (2.6) equal to three but there are in fact precisely three generations and no antigenerations.
Some Three Generation Compactifications
We now use the apparatus of §2 to construct some three-generation models. We begin with two very simple examples of E 6 theories and then discuss two more involved examples, which both give rise to SU (5) gauge group (and are on non-simply connected manifolds, which admit gauge symmetry breaking by Wilson lines). In the second SU (5) example, the hidden sector E 8 remains unbroken. In §4, we break the gauge group of the two SU (5) examples down to SU (3) × SU (2) × U (1) by using Wilson lines.
Example 1: An E 6 Model
Consider the compactification on the Calabi-Yau hypersurface M defined by the vanishing locus of a degree ten polynomial in W CP The effective GUT group is E 6 , and the charged matter fields transform in the 27 of E 6 .
Using the ideas in §2 it is easy to verify that dim H 1 (M, V 1 ) = 3 so we have three generations and no antigenerations. This is true in our other examples as well, so we will not repeat the statement on each occasion.
Example 2: Another E 6 Model
Now, we look at an example on a complete intersection manifold. Let M be the intersection of the vanishing loci of two degree six equations in W CP 2, 2; 1, 1, 1, 1, 1, 1 ) and V 2 = (7; 1, 1, 1, 2, 2) . Then M c 3 (V 1 ) = −6, so once again we have a compactification with three generations in the 27 of E 6 .
Example 3: An SU (5) Model
Next, we find an SU (5) theory on a manifold with π 1 = Z 3 . Start as in Example 2, with M being the complete intersection of two degree six polynomials P 1 and P 2 in 1,2,2,3,3 . Choose V 1 = (3, 3, 2; 1, 1, 1, 1, 1, 1, 1, 1) and V 2 = (6, 3; 1, 1, 1, 2, 2, 2) . One can easily check that this theory has 9 generations in the5 + 10 of SU (5) in the observable sector, so we want to orbifold by a freely acting Z 3 to obtain a three-generation model.
Consider the
. Given these transformation laws, one can write down nonsingular choices of P 1 , P 2 which admit (3.1) as a symmetry; choose such an M . Then not only is (3.1) a symmetry of this manifold, but for generic choices it acts freely on M .
It must also preserve the holomorphic three-form Ω on M if the quotient is to be a solution of string theory. By the general argument presented on p.495 of [20] , one knows that the holomorphic three-form of M will always descend to the quotient of M by a freely acting symmetry. This follows from the fact that the arithmetic genus Following §3 of [21] we see that the three-form can be written
where the contour integrals are taken about the loci P 1 = 0 and P 2 = 0. Since the numerator of the integrand transforms with an α 9 = 1 while the denominator P 1 P 2 is invariant as well, Ω does descend to the Z 3 orbifold .
At this point we have seen that the Z 3 acts freely on M and preserves the holomorphic three-form, so if we were studying a (2,2) model we would be done. However, to take a quotient of a (0,2) model by such a discrete symmetry group G, one must also check that G lifts to an automorphism of the vacuum gauge bundle V . In addition one has to check the level-matching conditions of [22] which are necessary for modular invariance. These conditions are more or less automatically satisfied in (2,2) models but not (0,2) models.
A brief summary of these conditions is as follows: Suppose we wish to orbifold our For odd N one gets only the analogue of (3.3), and it must hold mod N instead of mod 2N .
Note that these conditions are necessary for modular invariance but are only known to be sufficient in the case of free field theory (on the worldsheet). Indeed, in interacting (0,2) theories there are indications that extra constraints may be needed to ensure consistency at the one-loop level [23] . We will have nothing more to say about this here, however.
Let us choose the extension of g as follows. Let g act on the eight fermions associated to V 1 as
Let g act on the fermions of worldsheet U (1) gauge charges (1, 1, 1, 2, 2, 2) associated with
It is now easy to check that the level-matching condition is satisfied. Choose the F i a involved in defining V 1 to insure that the combinations λ 1 a F i a (no sum on a) are g invariant (one can make such choices), and do the same for V 2 . This restricted set of F s represents the set for which the chosen g action is indeed an automorphism of V .
Having fulfilled the various consistency conditions, we see that we have found a freely acting Z 3 orbifold of the 9 generation theory in W CP It is worth emphasizing that because we have obtained this model as the quotient of the 9 generation model by a freely acting Z 3 , the massless states in the 3 generation theory simply correspond to the Z 3 invariant massless states in the 9 generation theory.
The twisted sectors only contribute massive states. In the case of quotients by non-free group actions, one would in general have some massless states coming from twisted sectors as well.
Example 4: Another SU (5) Model
The last example we provide is an SU (5) theory on the Z 5 × Z 5 orbifold of the quintic first studied in [1] . That is, we choose for M the Fermat quintic
in CP 4 . Instead of starting with the (2,2) theory on this quintic, however, we begin with 3, 3, 3, 3; 1, 1, 1, 1, 1, 2 , 2, 2, 2, 2) and we leave the second E 8 unbroken. It is easy to check that M c 3 (V 1 ) = −150 so orbifolding by a freely acting Z 5 × Z 5 will yield a three generation SU (5) theory.
The Z 5 × Z 5 symmetry group of (3.7) that we wish to orbifold by is generated by
where α = e 2πi 5 . As discussed in [1] , this discrete symmetry group does act freely on (3.7) and hence preserves the holomorphic three-form. Now, we need to assign transformation laws to the λs and choose the holomorphic structure of V 1 so that the symmetries (3.8) and (3.9) lift to automorphisms of V 1 . Let us imagine we are orbifolding first by (3.8), then by (3.9). Denote by λ 1,···,5 the five leftmoving fermions of worldsheet U (1) gauge charge one and by λ 6,···,10 the five of gauge charge two. Choose
(the ith component of F 1 above represents F i 1 in (2.7)) and similarly let F 2 , · · · , F 5 be given by
To complete the specification of the holomorphic structure of V 1 , choose
Note that with the choices made, the five F i are linearly independent.
To complete our assignment of transformation laws, assign the λs the following transformation properties under g 1 :
(3.14)
If we now recall (see e.g. [7] ) that the λ a and the F i a really enter the action of our worldsheet field theory in the combination P i λ a F i a where the P i s are (0,2) chiral superfields, then we see that to truly make the quantum field theory action invariant under g 1 we should also have g 1 act to permute the P i in the same way as the φ i . It is apparent that with this choice of the F s and the action of g 1 on V 1 , the Z 5 symmetry does indeed lift to an automorphism of V 1 . Diagonalizing the action of g 1 on the φs, P s and λs, one can verify that the quadratic level-matching condition (3.3) is satisfied by the eigenvalues of g 1 . Now that we have successfully taken the g 1 orbifold (and are down to a 15 generation model), we must consider how to lift the action of g 2 to V 1 . It is clear from the choice of the F s above that we must assign the λs the following transformation under g 2 to keep
And again it is simple to check that (3.3) is satisfied.
So finally, with the data specified above, the full We are interested in using Wilson lines in the SU (5) theories of §3, so we take the relevant worldsheet gauge degrees of freedom to be four free left-moving bosons X I . Turning on
Wilson lines means that we should include sectors in which the X I (which live on a leftmoving torus) only close up to
for some δ I . According to [24, 25] we should impose the following analogue of the levelmatching constraint (3.3) on this orbifolding associated with the Wilson lines, if we are to obtain a modular invariant theory.
As in [9] , choose
where the H i generate the Cartan subalgebra of SU (5). Consider (δ 1 , · · · , δ 4 ) as a fourvector in the dual basis. Then the level-matching condition for Wilson lines is
where the inner product (δ, δ) = δ i A ij δ j should be taken with an insertion of the A 4
Cartan matrix A ij .
Following p. 71 of [26] , we see that the unique choice (up to scale) of δ which breaks We have chosen to satisfy (4.4) separately after constructing (0,2) models with SU (5) gauge group in §3 only in order to make the physical interpretation (symmetry breaking by Wilson lines on a manifold M with π 1 (M ) = 0) manifest. In general, one could orbifold by a Z N symmetry choosing any action on both the internal and the gauge degrees of freedom, as long as the combined system obeys the level-matching conditions.
Conclusion
In this paper we have discussed the construction of (0,2) Calabi-Yau compactifications which can serve as suitable starting points for string model building. For (2,2) string models, one has well developed techniques to compute the tree-level kinetic terms and the tree-level superpotential (which receives no string loop corrections). Similar progress in understanding the low energy effective actions of more general (0,2) models is desirable.
In addition, the data on unification of couplings in the minimal supersymmetric standard model provides a challenge for string models which yield SU (3) × SU (2) × U (1) directly at the string scale (see e.g. [27] and references therein). The computation of threshold corrections in general (0,2) models might help in addressing this concern.
